Changes in effective stress due to water pressure variations modify the intrinsic hydrodynamic properties of aquifers and aquitards. Overexploited groundwater systems, such as basins with heavy pumping, are subject to nonrecoverable modifications. This results in loss of permeability, porosity, and specific storage due to system consolidation. This paper presents (1) the analytical development of model functions relating effective stress to hydrodynamic parameters for aquifers and aquitards constituted of unconsolidated granular sediments, and (2) a modeling approach for the analysis of aquifer systems affected by effective stress variations, taking into account the aforementioned dependency. The stress-dependent functions were fit to laboratory data, and used in the suggested modeling approach. Based on only few unknowns, this approach is computationally simple, efficiently captures the hydromechanical processes that are active in regional aquifer systems under stress, and readily provides an estimate of their consolidation.
Introduction
Hydrodynamic parameters, such as hydraulic conductivity, porosity, and specific storage, depend on effective stress (Louis 1969; Helm 1976; Gangi 1978; Walsh 1981; Kim and Parizek 1999; Rutqvist and Stephansson 2003; Galloway and Burbey 2011) . However, governing equations used for regional analysis of aquifer systems, in general consider hydrodynamic parameters as stress-independent constants (Detournay and Cheng 1993; Murdoch and Germanovich 2006) . This assumption is acceptable for shallow aquifers and for incompressible lithologies. However, there can be significant change in hydrodynamic parameters in deep and confined units subject to consolidation.
As defined by Terzaghi (1923) and Terzaghi and Peck (1967) , effective stress describes the stress state of a saturated porous rock, and results from the load of principal stress on contacting grains and from water pressure in voids, which bears a part of the load (Bundschuh and Arriaga 2010 ). An increase of effective stress can result from (1) an increase of principal stress or (2) a decrease in water pressure. Both can lead to a reduction in porosity, and consequently in hydraulic conductivity and specific storage. These relationships are of an exponential type (Detournay and Cheng 1993) , and for coarse-grained aquifers these are reversible only in the case of elastic small strains (voids closure/opening; Bell et al. 2008; Hansmann et al. 2012) .
In earth sciences, many processes relate to changes in effective stress and hydrodynamic parameters. In hydrogeology, the decrease of hydraulic head due to groundwater pumping results in porosity reduction in aquifers and aquitards and causes land subsidence (Jacob 1940 (Jacob , 1950 Helm 1972; Holzer 1984; Gambolati et al. 2005 ; Galloway and Burbey 2011), as well as a reduction in well productivity due to the decrease in reservoir permeability with the compaction. This last consequence is well known in petroleum engineering (National Research Council 1996) . In geological engineering, the drilling of tunnels through porous units causes, among other responses, ground settlement (Lombardi 1988; Zangerl et al. 2003) . On the other hand, ground uplift is recorded in areas subjected to fluid injection for geothermal energy production or CO 2 sequestration (Rutqvist et al. 2002; Ferronato et al. 2010) . Finally, proposals regions for geologic radioactive waste repositories must be aware of such processes, which in the long term, can lead to brittle deformation.
For granular porous media, model functions relating effective stress to hydrodynamic parameters can be developed from two main theoretical approaches: (1) functions based on the size changes of solid grains (Hertzian theory of deformation of spheres; Gangi 1978) and (2) functions based on volumetric deformation of the bulk volume, that is, grains and voids (Kim and Parizek 1999) . The deformation resulting from the change of the bulk volume is substantially greater than that derived from the compression of grains (Kim and Parizek 1999) .
Two main methods are used for the analysis of groundwater flow in a deformable aquifer system: (1) nonsimultaneous analysis between groundwater flow (water pressures) and aquifer deformation (e.g., Jacob's approach 1940 Jacob's approach , 1950 and (2) simultaneous analysis (e.g., Biot's poroelastic theory 1941). Both approaches generally consider hydrodynamic parameters, in particular hydraulic conductivity and specific storage, as constants (Detournay and Cheng 1993; Murdoch and Germanovich 2006) . In Jacob's approach, groundwater flow and deformation equations are partially coupled via the specific storage coefficient. In Biot's poroelasticity theory, equations are fully coupled via the volumetric strain that allows detailed simultaneous investigation of groundwater flow in a threedimensional (3D) deformable porous medium. However, the complexity of the governing equations and the large number of unknown parameters limits its use to local scales and simple geological geometries (Kim 2005; Kihm et al. 2007; Galloway and Burbey 2011) . For a detailed review of the analysis and simulation of groundwater flow in deformable aquifer systems, see Gambolati et al. (2005) , Verruijt (2008) , and Galloway and Burbey (2011) .
Regional simulation of coupled hydromechanical processes considering detailed geological structures typically requires simplification of governing algorithms. The aim of this paper is to present a computationally simple approach for investigating coupled fluid-to-solid hydromechanical processes at a regional scale, with geologically oriented 3D meshes, considering the dependency of hydrodynamic parameters on effective stress.
The paper is organized as follows. First, the main hydrodynamic parameters (hydraulic conductivity, porosity, and specific storage) are linked to effective stress by means of analytical development. Then, a modeling approach based on few unknown parameters is presented and verified by a comparison with the Biot's poroelasticity theory.
A companion paper will focus on regional simulation of the Mexico City basin using the approach discussed herein. Note that, in this work, the terms consolidation and compaction are treated as synonyms and express the reduction in porosity and vertical aquifer thickness due to an increase in effective stress.
Effective Stress-Dependent Equations in Granular Porous Media
Granular porous media are formed of fine (clays and silts) and coarse (sand and gravel) grained materials. Aquifers are composed mainly of coarse-grained materials, while aquitards are composed of silts and clays ( Figure 1a) . A quaternary sedimentary basin is filled by spatial and temporal succession (sequential stratigraphy) and consists of several aquifers separated by areally extensive aquitards (Helm 1975) . In both aquifers and aquitards, groundwater flow is Darcian. However, as described by Helm (1975) , in aquitards groundwater flow is primarily vertical and very slow compared with the flow in aquifers. In such a case, aquitards can be conceptualized as doubly draining units. In this work, the term "aquifer system" refers to the vertical and horizontal succession of aquifers, aquitards, and confining units.
For elastic small strains, coarse-grained aquifers can be treated as Hookean materials (Jacob 1940 (Jacob , 1950 . In Hookean materials, the change in porosity, hydraulic conductivity, and specific storage caused by increasing or decreasing effective stresses is reversible (elastic). Conversely, fine-grained materials are subject to nonreversible deformations, and when consolidated, only a portion of the loss in porosity is recoverable (Helm 1975; Galloway and Burbey 2011) . Thus, two or more different model functions have to be used to reproduce one or more cycles of compression/expansion due to changes in applied effective stresses.
At the regional scale, land subsidence results from the complex and differential consolidation (in terms of time and location) of aquifers and aquitards constituting the aquifer system (Galloway and Burbey 2011) (Figure 1b) .
In sedimentary basins and in the absence of tectonic stresses, the principal stress is the vertical component of the total stress tensor: σ v = σ zz . This corresponds to the weight of the overburden and increases with depth Z . The compression of sediments under the vertical stress induces horizontal stresses of equal magnitude σ h = σ xx = σ yy (Parriaux 2006; Price and de Freitas 2009) . Under these conditions, the effective stress tensor σ is expressed as: where σ and α B are the total stress and the Biot-Willis coefficient tensors, respectively, p is water pressure, ρ w is water density, g is gravitational acceleration, h is pressure head, and λ expresses the ratio of horizontal to vertical stress: λ = σ h /σ v . The Biot-Willis coefficient expresses the ratio of pore volume change to total bulk volume change: if there are no pores, then α B ≈ 0, and if the total bulk volume change depends only on pore volume change, then α B ≈ 1 (Bundschuh and Arriaga 2010) . From Equation 1, it follows that the effective shear stresses, nondiagonal terms of σ , correspond to those of the stress tensor σ , because water cannot support shear stresses (Galloway and Burbey 2011) . At the aforementioned overburden stress conditions and assuming isotropy: (1) the weight of the overlying geological materials above elevation z corresponds to
where ρ r is the wet density of the granular material at a given elevation, and z t is the top (surface) elevation and (2) λ depends only on the Poisson's ratio:
At the regional scale, the deformation of an aquifer system is essentially vertical. The value of horizontal strains is much lower, and may be difficult to detect. However, at the local scale, the horizontal strains may be large, such as close to an abrupt inflection of the basement topography (Galloway and Burbey 2011) . Despite this, in regional analysis, it is reasonable to neglect horizontal deformation. Moreover, assuming (1) the vertical deformation is exclusively driven by the change in porosity due to the shifting of incompressible solid grains, as well as the closure of intergranular voids and (2) the validity of the law of elasticity for small strains, yields:
where ε v is the vertical deformation, V is the bulk volume, φ is the porosity, and E is the formation vertical elasticity coefficient under fully saturated conditions (reciprocal of the vertical compressibility coefficient). From Equation 2, it follows that at no effective stress (at ground level) the porosity is φ 0 and that under effective stress σ the porosity is φ. Integrating Equation 2 under these conditions yields:
Following this method, a zero-effective porosity (φ ≈ 0) occurs when the applied effective stress is:
where σ 0 denotes the limit stress for pore closure. Expressing Equation 4 for the formation elasticity E , and introducing it into Equation 3, yields:
and an effective stress-dependent porosity is obtained by expressing Equation 5 as:
A negative effective stress results in a porosity greater than the no-stress porosity: φ ≥ φ 0 . This can be interpreted as water pressure bearing all the applied loads, so that grains are no longer in contact with each other, but suspended in the fluid (soil boiling phenomenon).
Hydraulic Conductivity and Specific Storage Coefficient
As expressed by the Kozeny-Carman equation (Kozeny 1927; Carman 1937) , the hydraulic conductivity of granular porous media depends on the dynamic properties of water and on the intrinsic properties of the granular material:
where μ w is the water viscosity, b is a factor taking into account the shape and spatial arrangement of grains (in general: 10 < b < 30, usually b ≈ 20), and A s is the specific contact area, defined as (Cornaton and Perrochet 2006) :
where the coefficient C corresponds to the inverse of the harmonic mean radius of grains in the sample, R h :
In Equation 9, the symbol r stands for the grain radius, and P (r) is the frequency distribution: P (r) = 1/P 0 ∂P cum /∂r, where P cum is the cumulative weight and P 0 is the total weight of the formation sample. For a soil with uniformly distributed grain size with minimum radius r 1 and maximum radius r 2 , that is, P (r) = 1/ (r 2 − r 1 ) , Equation 9 yields: Table 1 presents some values of C calculated from sample particle size distribution curves.
Assuming that at large scale, the coefficient C is constant, that is, it does not change despite the shifting of incompressible solid grains, and introducing Equation 6 into Equation 7 results in an effective stress-dependent hydraulic conductivity:
Similarly, Equation 6 can be inserted in the definition of the specific storage coefficient, S s :
where E w and E s stand for the bulk modulus of elasticity of water and the skeletal elasticity, respectively. If water is assumed incompressible, the skeletal elasticity E s corresponds to the formation elasticity under fully saturated conditions E . Using Equations 11 and 13 results in a nonlinear effective stress-dependent groundwater flow equation:
where H is hydraulic head and t is time. Knowledge of φ 0 , E , C , and b is sufficient to solve Equation 14 under any given boundary conditions.
Deformation

From Equation 6
, it follows that a change in effective stress causes a change in porosity φ: where the subscript i denotes the effective stress state prior to the change. φ is positive in consolidation and negative in expansion. Integrating vertically over all the porosity changes from the bottom z b to the top z t leads to the system consolidation T > 0 or expansion T < 0:
Parameter Estimation by Fitting the Measured Data
Parameter values (φ 0 , σ 0, and C ) can be obtained by fitting Equation 6 or Equation 11 to measured field or laboratory data. Uygar and Doven (2006) studied the porosity response of a uniformly graded fine sand at saturated, drained conditions under cyclic high effective stresses. Bolton (2000) investigated the hydraulic conductivity of artificial silty clay during a loading and unloading test. Fitting of Equations 6 and 11 on the measured data of Uygar and Doven (2006) and Bolton (2000) is presented in Figure 2 for a loading (compression) and unloading (expansion) cycle. The unique calibrated parameters are presented in Table 2 .
From the data of Figure 2 , it follows that applied virgin compression results in a nonelastic irreversible deformation, changing the mechanical and hydraulic characteristics of the granular porous media.
Modeling Approach
This modeling approach allows regional simulation of changes in the vertical volume of the porous medium in response to changes in fluid pressure, that is, a hydromechanical fluid-to-solid interaction ( Principal stresses are assumed to be constants, and shear stresses are neglected. Thus, only the change in water pressure affects the effective stress tensor. The method consists of three simulation phases.
Simulation of Overburden Stress
The principal overburden stresses of the stress tensor σ in Equation 1, characterizing the stress state of a sedimentary basin filled with unconsolidated sediments can be rapidly and easily calculated for a two-dimensional (2D) or 3D domain by the following boundary value problem:
where f 1 is a known function detailing the magnitude of the overburden stress at the upper boundary + (topographic surface). Set to zero and constant over time, this Dirichlet boundary condition indicates that there are no weights applied on the surface (heavy buildings, civil engineering structures or water bodies). The Neumann condition on the bottom boundary − corresponds to the wet density of the bottom geological material ρ rbottom multiplied by the gravitational acceleration. N is a singular 3D tensor with vertical anisotropy and n is the unit normal vector. 
Finally, considering the Poisson's ratio effect results in the horizontal principal stresses σ h = σ xx = σ yy :
Simulation of Flow
The transient effective stress-dependent groundwater flow equation, Equation 14, is used to model the distribution of hydraulic head, pressure head, and discharge and recharge rates of the aquifer system. The problem is nonlinear, because pressure heads (water pressures) are considered with overburden stresses for the calculation of effective stresses, on which depend the hydrodynamic parameters of Equation 14.
Simulation of Aquifer Deformation
The aquifer system deformation resulting from a change in the effective stress state is subsequently simulated using Equations 15 and 16, with the effective stress distributions obtained from the flow simulation as input. For the 2D or 3D domain this problem can be solved as follows:
T (x, y, z bottom ) = 0 on − N∇T · n = 0 on + where the bottom boundary condition specifies that the aquifer consolidation or expansion is zero at the system base, and the upper boundary condition states that at the surface, there is no change in porosity. This three-step modeling approach allows rapid (notcomputationally demanding) analysis of regional basins affected by important changes in water pressure. The governing equations require only five parameters (ρ r , φ 0 , E , C , and b), to capture the essence of the physical process.
Illustrative Simulation and Verification
Pumping
An illustrative simulation represents vertical deformation of a regional aquifer system due to heavy groundwater pumping. Initial and boundary conditions are based on the compaction problem of Leake and Hsieh (1997) , and the illustrative modeling domain is inspired by the geometry of the Mexico City Basin.
An impervious and incompressible basement is faulted, creating a basin. This geometry is filled by four sedimentary layers: a stratum of unconsolidated volcanic deposits overlaid by alluvial sediments constituting a thick and compressible lower aquifer, a layer of lacustrine sediments forming a semiconfining and highly compressible unit, and an upper alluvial aquifer. The 3D virtual basin geometry is obtained by full rotation of the cross section shown in Figure 3 .
The upper aquifer is under a constant hydraulic head matching the topographic elevation of 2300 m.a.s.l. Heavy pumping in the center of the lower aquifer decreases the hydraulic head at a rate of 12 m/year until reaching a final hydraulic head of 1300 m.a.s.l. (Figure 3) . The system is initially at hydrostatic conditions, 2300 m.a.s.l.
The simulation is run for a period of 100 years using (1) the approach presented in this paper and (2) the poroelasticity theory of Biot (1941) . The boundary conditions for the poroelastic computation are those of the Leake and Hsieh's (1997) problem. With poroelastic equations, the model is run only on the 2D basin cross section because of the aforementioned computational problems of this method in regional 3D analysis. With the proposed approach, the model is run on the 3D basin. Within the direction of rotation, this virtual basin is isotropic. Of course, this is geologically unlikely, but this allows to (1) test the proposed approach on a 3D model and (2) compare its results with detailed poroelastic data. The approach discussed in this paper was implemented in the multipurpose Ground Water (GW) finite element software (Cornaton 2007) . The multiphysics software COMSOL Multiphysics (2010) was used to solve poroelastic equations. Parametric information is presented in Table 3 .
Discussion and Results
Using effective stress-dependent parameters in the groundwater flow equation, Equation 14, results in Table 3 Parameter Values Used in the Pumping Simulation Poroelasticity Theory 2.5 9.81
Approach Presented in This Paper
Note that for the proposed approach σ 0 , K 0 , and S s 0 are calculated via φ 0 , E , C , and b using Equations 4, 11, and 13.
increased hydraulic gradients (Figure 4b ) and in decreased simulated pumping rates ( Figure 4c ) compared with the linear form with constant parameters. This is because of the reduction in hydraulic conductivity and specific storage due to the decrease in water pressure and increase in effective stress. The overburden stress field used in the flow simulation obtained using Equation 17 is constant (Figure 4a ). The simplified approach presented in this paper generally reproduces the vertical deformation obtained using the detailed poroelastic equations (Figure 4d) . However, the consolidation is less pronounced. This is because the decline in water pressure is slowed by the parameter dependency. Note that: (1) in Table 3 , E Y denotes the Young's modulus of the porous medium and (2) poroelasticity theory does not use specific storage but rather uses Young's modulus and Poisson's ratio (Leake and Hsieh 1997) .
Differential ground settlement due to bedrock inflection is correctly highlighted by the proposed modeling approach. These areas can be subject to ground failure.
Recovery of Porosity
After 100 years pumping stops, and due to the upper boundary condition, the aquifer system gradually returns to the initial hydrostatic situation. Here we compare porosity recovery using the proposed approach and the three cases illustrated in Figure 5a: (1) the aquifer system has an elastic behavior, (2) only aquifer units are elastic, and (3) the system has an inelastic behavior.
Discussion and Results
In the case of full elasticity, porosity recovery and media expansion are the same as the change in porosity and the compaction induced by the 100 years of pumping. If stress due to pumping causes nonrecoverable deformations, the expansion curve is different than the compression curve (Figure 5a) , and there is an important loss in porosity (and permeability), and only a fraction of the ground subsidence can be recovered, especially if all formations have inelastic behavior (Figure 5b) .
No change and recovery in porosity occurs in the upper aquifer, due to constant water pressure. Not surprisingly, in the inelastic case, considerable loss of porosity occurs in the lacustrine aquitard unit. However, the strongest decrease in porosity occurs in the deeper aquifer, where the increase in effective stresses during pumping caused significant nonrecoverable deformations.
Laboratory consolidation tests (Bolton 2000; Uygar and Doven 2006; Galloway and Burbey 2011) and field observations (Helm 1975) indicate that inelasticity must be considered when studying aquifer system deformation due to changing water pressure. Equations 6, and 11 can be used, after a fitting on laboratory consolidation tests, for first estimates of the recoverable porosity of regional aquifer systems affected by induced stresses such as heavy pumping. 
Conclusion
Hydrodynamic parameters depend on effective stresses in regional basin-fill aquifer systems. Effective stress-dependent equations for porosity, hydraulic conductivity, and specific storage have been developed based on the law of elasticity. These equations correctly reproduce the data obtained in stress-porosity/hydraulic conductivity laboratory tests.
The paper has also presented a computationally simple approach to simulating the dynamics of regional aquifer systems affected by significant changes in water pressure. In this approach, the groundwater flow equation becomes physically more accurate because it considers the aforementioned relationships. The simple deformation equations based on the change in porosity due to the variation in water pressures require only five unknown parameters to reproduce vertical deformation similar to that obtained by detailed poroelastic equations.
The presented approach is limited by the following assumptions: (1) the stress field is constant with water pressure variations, and (2) horizontal displacements and (3) deformation within solid grains are negligible. However, each of these assumptions are reasonable for most regional hydrogeological problems, so that the proposed approach can be a simple and rapid tool for estimating the dynamics of aquifer systems affected by change in water pressures.
